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ABSTRACT

The 6D representation of the configuration tensor was used to develop a geometrically non-linear beam finite ele-
ment of an arbitrary order with Lagrangian (additive) interpolation of the configurational parameters. Analogously
to the 3D case, where additive interpolation of the rotational parameters results in non-objective formulation, as
shown by Crisfield and Jelenić, the proposed elements exhibit even worse non-objective behaviour, evident even in
planar cases! A remedy for this problem was to develop and implement the so-called generalised shape functions
(given by Jelenić and Crisfield for a 3D case) for the configurational parameter (which is a 6D vector). This suc-
cessfully solved the problem of objectivity, but decreased formulation robustness significantly. We assume that the
cause of this are not the shape functions themselves, but the significant numerical instability of the transformational
matrices they contain. In this paper we pinpoint the terms in those matrices which we assume to be responsible for
loss of robustness and analyse them with respect to computational precision and propose a remedy.
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1. Introduction

When dealing with 3D rotations, the orientation matrices at two configurations are related via Λ =
exp ψ̂Λold, where ψ is the rotational parameter. The exponentiation exp ψ̂ is defined via well known
Rodrigues formula exp ψ̂ = I + α1ψ̂ + α2ψ̂

2 [1]. By taking the directional derivative of the rotation
matrix in the direction of a superimposed infinitesimal perturbation δψ the relationship between the
spin vector δϑ and the variation of the rotational vector ψ is obtained via δϑ = H(ψ)δψ, where
H(ψ) = I + β1ψ̂ + β2ψ̂

2. The coefficients appearing in aforementioned functions are

α1 =
sinψ
ψ

, α2 =
1 − cosψ

ψ2 , β1 =
1 − cosψ

ψ2 , β2 =
ψ − sinψ

ψ3 . (1)

The aforementioned functions exp and H are used when implementing beam finite-elements to compute
the orientation matrix and curvature at integration points. Additionaly, H′(ψ) = δ1(ψ · ψ

′)ψ̂ + α2ψ̂
′
+

β2
Ä
ψ̂ψ̂
′
+ ψ̂

′
ψ̂
ä
+δ2(ψ ·ψ

′)ψ̂
2 is used as an ingredient of the generalised shape functions in the objective

approach given by Jelenić and Crisfield [2], where

δ1 =
α1 − 2α2

ψ2 =
ψ sinψ + 2 cosψ − 2

ψ4 , δ2 =
3α1 − 2 − cosψ

ψ4 =
3 sinψ − ψ(cosψ + 2)

ψ5 (2)

are the two additional coefficients multiplying the matrices.

Bottasso and Borri in [3] proposed an integral approach, which treats rotations and displacements in
a unified manner. This is achieved by means of a configuration tensor which shares many anologies
with the rotation matrix Λ. This means that, analogously to the rotation case, using C = exp ÊνCold, two
configurations can be related, with ν =

¨
ρT ψT

∂T
as the parameter of complete motion where ψ is the

rotational vector and ρ is a quantity which is a combination of both position and rotation vectors (see



eg. [3] for details) but its norm does not appear in any of the trigonometric coefficients. The exponential
exp Êν takes the form

exp Êν = ñexp ψ̂ Q(ν)
0 exp ψ̂

ô
, Q(ν) =◊�H(ψ)ρ exp ψ̂ .

At this point it is worth noticing that no new trigonometric coefficients are introduced. By taking
the directional derivative of C in the direction of a superimposed infinitesimally small perturbation
δς =

¨
δξT δϑT

∂T
which we term the configurational spin vector we obtain the relationship between

the configurational spin vector δς and the variation of the configuration vector ν as δς = H6(ν)δν,
where H6(ν) is a 2 by 2 matrix containing blocks H(ψ) on the main diagonal, a zero matrix in the
lower-left block and B(ν) = α2ρ̂ + δ1 (ρ · ψ) ψ̂ + δ2 (ρ · ψ) ψ̂

2
+ β2

Ä
ψ̂ ρ̂ + ρ̂ψ̂

ä
in the upper right block.

The generalised shape functions may be generalised to this 6D case [4]. Such an approach were only
relative configurations are interpolated results in an objective formulation. Analogously to the 3D case,
the derivative of the function H6 is one of the ingredients of these shape functions. Taking the derivative
of the block matrix H6, the out-of-diagonal block is

B′(ν) = δ1
î
(ψ · ψ ′)ρ̂ + (ρ′ · ψ + ρ · ψ ′)ψ̂ + (ρ · ψ)ψ̂

′ó
+ α2ρ̂

′ + ζ1(ψ · ψ
′)(ρ · ψ)ψ̂+

+ζ2(ψ · ψ
′)(ρ · ψ)ψ̂

2
+ δ2

[
(ρ′ · ψ + ρ · ψ ′)ψ̂

2
+ (ρ · ψ)

Ä
ψ̂
′
ψ̂ + ψ̂ψ̂

′ä
+ (ψ · ψ ′)

Ä
ψ̂ ρ̂ + ρ̂ψ̂

ä]
+β2

Ä
ψ̂
′
ρ̂ + ψ̂ ρ̂′ + ρ̂′ψ̂ + ρ̂ψ̂

′ä
,

where

ζ1 =
cosψ − 5α1 + 8α2

ψ4 =

Ä
ψ2 − 8

ä
cosψ − 5ψ sinψ + 8

ψ6 , (3)

ζ2 =
α1 − 7α2 + 15β2

ψ4 =

Ä
ψ2 − 15

ä
sinψ + 8ψ + 7ψ cosψ

ψ7 . (4)

2. Motivation: a generalised fixed-pole beam finite element

In our recent work we developed a family od finite elements based on the combination of the fixed-pole
approach and objective interpolation of the iterative configuration vectors (more detailed analysis of these
as well as some other interpolations was given in [4], with respect to element accuracy). The proposed
formulation is indeed objective (strain-independent), however it is less robust (ie. it cannot converge
unless the load or displacement is applied in small increments) than its non-objective counterpart.
Considering that the formulation of Jelenić and Crisfield is more robust than the iterative formulation
of Simo and Vu-Quoc [5], we assumed that this analogy (like many others) will hold. Our guess is that
the cause of this is numerical instability of the coefficients (3), (4) appearing only in the 6D generalised
shape functions.

3. Numerical analysis of ζ1 and ζ2

During the Newton-Raphson solution procedure, the nodal displacement increments and spin vectors
(iterative) approach zero with quadratic convergence. Consequently, the argument of all trigonometric
coefficients (1)–(4) approaches zero, which means that their values should approach their respective
limits, limψ→0 ζ1 =

1
90 = 0.0111Û1 and limψ→0 ζ2 =

1
630 = 0.00Û15873Û0, which is demonstrated in Figure

1. When evaluating ζ1 and ζ2 for ψ ∈ [−0.1, 0.1] spurious results are obtained as shown in Figure 2. It is
worth noting, though, that smooth graphs may be obtained by increasing $WorkingPrecision variable
to 100 (all computations were executed usingWolfram Mathematica). However, our idea is to see would
it be possible to get smooth results without manually changing the precision settings, which is not as
straightforward in other programming languages. Setting the computing precision to 16, 20 and 50 digits
respectively, we evaluate ζ1 and ζ2 (see Tables 1 and 2). We also evaluate ζ1 and ζ2, the first six terms of
Taylor series expansion for ζ1 and ζ2 using default precision.
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Figure 1: Plots of ζ1 and ζ2, ψ ∈ [−10, 10]
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Figure 2: Plots of ζ1 and ζ2, ψ ∈ [−0.1, 0.1] using default computing precision

Table 1: Numerical results for ζ1(10−i) obtained using 16, 20 and 50 digit computation precision compared to ζ1

i 16 20 50 ζ1
0 0,010528935 0,010528935 0,010528935 0,010528935
1 0,011105159 0,01110516 0,01110516 0,01110516
2 0,010657491 0,011111052 0,011111052 0,011111052
3 32,64549682 0 0,011111111 0,011111111
4 -220540221,5 0 0,011111111 0,011111111
5 4,13785E+13 0 0,011111111 0,011111111
6 4,44503E+20 0 0,011111111 0,011111111
7 -2,62008E+26 0 0,011111111 0,011111111
8 -5E+32 0 0 0,011111111
9 -5E+36 0 0 0,011111111



Table 2: Numerical results for ζ2(10−i) obtained using 16, 20 and 50 digit computation precision compared ζ2

i 16 20 50 ζ2
0 0,001522354 0,001522354 0,001522354 0,001522354
1 0,00158664 0,00158664 0,00158664 0,00158664
2 0,002775558 0,001587295 0,001587295 0,001587295
3 0 0 0,001587302 0,001587302
4 0 0 0,001587302 0,001587302
5 2,71051E+15 0 0,001587302 0,001587302
6 0 0 0,001587302 0,001587302
7 2,11758E+27 0 0,001587302 0,001587302
8 0 0 0 0,001587302
9 0 0 0 0,001587302

4. Conclusions

The numerical instability of trigonometric coefficients ζ1 and ζ2 was demonstrated. As their argument
approaches zero, the values of these functions do not approach their respective limits. If using double
precision floating point computation, we are not able to compute (sufficiently) exact results for arguments
smaller than 0.1. Increasing the computational precision in Wolfram Mathematica we can get better
results. We propose using the first six terms of the Taylor series expansions instead when argument is
smaller than 0.1. In this way, there is no need for adjusting the computing accuracy and the code may
be used even for programming languages where precision setting is not as straightforward as inWolfram
Mathematica.
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